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We use unrestricted partitions and a recurrence relation to specify every term of 
every integral power of the Sturm-Liouville (or one-dimensional S&r&linger) 
operator. Our purpose is to exhibit techniques that might yield proofs of our 
combinatorial conjectures on the conservation laws of the Korteweg-de Vries 
equation. At the end some open problems are stated. 0 1987 Academic Press. Inc. 
Our paper [9] dealt with the impact that combinatorial analysis might 
have on the theory of nonlinear evolution equations. As mentioned therein, 
these equations have been studied intensively during the past 20 years by a 
variety of methods. (A partial list containing seven essentially different 
approaches may be found in [2, p. 3011.) However, the resources of 
combinatorial analysis were not brought to bear on any of the fascinating 
aspects of soliton theory until 1980, when M. Sato and Y. Sato (for 
references cf. [9]) expressed the dimensions of Hirota’s spaces of bilinear 
equations for the Korteweg-de Vries hierarchy in terms of partitions of 
integers. Our main purpose in [9] was to show how the conservation laws 
for the Korteweg-de Vries and related equations may be recovered by 
combinatorial methods. The basic device used in [9] consists in associating 
partitions of integers and their Ferrers graphs to the first density and to the 
first flux, and then in proceeding inductively following very simple rules. 
The objective of the present paper is to show how one might go about 
transforming into theorems the overwhelming empirical evidence exhibited 
in [9]. For this purpose we specify every term of every integral power n of 
the Stu&-Liouville (or one-dimensional S&r&linger) operator. Our proce- 
dure consists of two parts. We first associate a partition of the integer 2n to 
each monomial of the n th iterate of that operator, and we then compute the 
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corresponding numerical coefficient by means of a recurrence relation. 
Some open problems related to these matters appear at the end of the 
paper. 
The author wishes to thank Rodolfo E. Lagos Monaco for several 
stimulating conversations. 
1. INTEGRAL POWERS OF THE STURM-LIOUVILLE OPERATOR 
We adapt to the situation considered in this section a few of the 
customary definitions of the algebraic theory of nonlinear evolution equa- 
tions (cf., e.g., [7, p. 81 or [6, p. 4091). Let A be an integral domain of 
characteristic zero and A[u] the associative algebra over A obtained by 
adjoining the independent transcendentals uk, where k is a nonnegative 
integer, to A. As usual, we may interpret uk as the kth derivative of a 
smooth function u of one real variable. The map d which vanishes on A 
and takes uk onto uk+i is a derivation on this algebra. Let A[u][ a] = 
A[ U, 131 be the algebra of differential operators with coefficients in A[u]. 
Each element of A[u][ a] has a unique representation in the form Z;=,U~I~~, 
where r is a nonnegative integer and ui E A[u] for all i (0 5 i s r). The 
rules for multiplying two such expressions follow from the commutation 
relation au = uJ + du for all u E A[u]. 
A monomial of A[u, a] is an expression of the form u$, . . . u%J k, where 
ki, 1; (1 I i I s) and k are nonnegative integers. As is customary, we set 
u0 = u and ut = 1 for each nonnegative integer k. A term of A[u, a] is the 
product of a constant in A and a monomial of A[u, a]. Any differential 
operator D E A[ u, a] may be expressed in a unique way as a linear 
combination over A of monomials of A[ u, 8 1. 
Fractional powers of the Sturm-Liouville operator have been studied by 
means of functional analytic techniques by several authors since the early 
fifties (cf., e.g., [3, 41). We shall now consider in detail the integral powers of 
that operator using combinatorial methods. As mentioned in the Introduc- 
tion, our purpose is to exhibit techniques that might yield proofs of the 
combinatorial conjectures of [9] (cf., also, [lo]). 
The following result was announced in [9]. 
THEOREM. We keep the notations introduced aboue. In addition, let n be a 
positiue integer and a and b constants in A. 
(i) The nth power of the Sturm-Liouuille operator a3 2 + bu is a linear 
combination ouer A of monomials 
us,... , uf;ak, (1) 
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where s 2 0, k, > . . . > k, 2 0, 1; 2 0 (1 I i I s), k 2 0 and 
(2 + k,)l, + .a. +(2 + k,)l, + k = 2n. (2) 
(ii) The number of monomials (1) in the expansion of (aa + bu)” is 
equal to the number p(2n) of unrestricted partitions of 2n. 
(iii) The coeficient of a monomial (1) in that expansion is a”-‘b/c,,, 
where I = 1, + * . . + I, and c, = c,( u$, . . . u$ ) is a positive integer. 
(iv) The integer c, satisJies the recurrencl relation 
c,,,(l) = 1 for each integer m 2 1, Cl(U) = 1, 
c, ui, . . . u$ ( ,) = c,-1 ( 242 I 
+ + . . . (3) 
where n = 2,3,. . . The Jirst term on the right-hand side of the last equation 
vanishes when k = 0 or k = 1. 
Proof (i) If n = 1 the first power of aa 2 + bu is obviously a linear 
combination over A of a2 and u. If we take s = 0 and k = 2 for J2, and 
s = 1, k, = 0, I, = 1, and k = 0 for u, these monomials are evidently of 
the form (l), and relation (2) is satisfied. Hence the assertion holds if n = 1. 
Assume the assertion to be true for some exponent n. Now 
(aa + bu)“+’ = a(aa2 + bu)“a2 + b(aLJ2 + bu)“u, 
and every monomial in the first term on the right is, by the induction 
hypothesis, of the form (1) with k replaced by k + 2, so that relation (2) 
holds for n + 1 instead of n. Consider then the second term and let M be a 
monomial in the expansion of (a8 2 + bu)“. By the induction hypothesis M 
is of the form (l), and condition (2) is satisfied. By the commutation 
relation, 
Mu = u$, . . . ll% 
and after a rearrangement each one of the k + 1 terms on the right is a 
product of a combinatorial number and a monomial of the form (1). Since 
(2 + k,)l, + . . . +(2 + k,)l, + (2 + j) + (k-j) = 2n + 2, 
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relation (2) again holds for n + 1 instead of n. Therefore, assertion (i) holds 
for all integers n. 
Remark. In the proofs of (ii) and (iii) we shall find it convenient to 
modify our notations. We shall namely often write u($;:;;:.‘x,) instead of 
z.+. . . ~2, and c,,(:‘;;:::,‘~,) instead of cn( ~2, . . . ~2 ). 
(ii) Given a monomial (1) we associate to it the partition 
(2 + k,)f, + +‘. +(2 + k,)( + lk = 2n 
of 2n, where lk = 1 + ... + 1 (k terms) and the other notations are as in 
the statement of (i). The ensuing mapping 1-1, from the set M,, of monomials 
(1) to the set Il(2n) of unrestricted partitions of 2n being injective, the 
cardinality of M,, is bounded above by p(2n) for every positive integer n. 
We shall now prove that given a partition P of 2n there exists a 
monomial (1) in the expansion of (all’ + bu)” having P as its associated 
partition. If n = 1 the partitions of 2n are 1 + 1 and 2, and the correspond- 
ing monomials are a2 and u, respectively. Hence the claim holds if n = 1. 
Assume it holds for n. Given a partition 
(2 + k,)l, + ..a + (2 + k,)l, + lk = 2( n + 1) (4 
of 2(n + l), consider the partition 
(2 + k,)l, + a*. +(2 + ki-,)l;-, + (2 + k,)(li - 1) 
+(2 + k;+l)fi+l + 0.. + (2 + k,)l, + l(k + k,) = 2n 
of 2n, where 1 I i I S, and let 
be its associated monomial, which by the induction hypothesis appears in 
the expansion of (a 6’ 2 + bu)“. Now 
. . . . I,-,,li-l,I,+, ,..., I, k+k, k+k. 
. ., k;-1, k,, k,+l,..., k, 
) c ( j 
j=. 
is a sum of k + k, + 1 terms, one of which is 
We have thus obtained a monomial which appears in the expansion of 
PARTITIONS 349 
(aa* + buy+1 and has (4) as its associated partition. Therefore, pcl,+i is 
surjective, and part (ii) holds for n + 1. Hence 1-1, is a bijection from M,, 
onto II(2n), and part (ii) holds for every positive integer n. 
(iii) If n = 1 we have either 1 = 0, in which case the monomial is 8 * and 
the coefficient is a; or I= 1, in which case the monomial is u and the 
coefficient is b. Hence the assertion holds if n = 1. 
Assume the assertion to be true for some exponent n. Let 
(5) 
be a term in the expansion of (a8 * + bu)“+‘, where c E A. We shall 
assume that expression (5) is irredundant, i.e., that each li 2 1. If N is a 
term in the expansion of a(aJ* + bu)“d* then N = uQ8*, where 
ak-2 
is a term in the expansion of (aa * + bu)” and K E A. By the induction 
hypothesis, 
,  
so that 
N= o”‘ilb’c,,( ;::::::;s)u( ;::::::;+. 
In this case we have 
cn+l( ::::::: is) = %( :::::; :,) 
and 
.  
(6) 
(7) 
If N is a term in the expansion of b(uJ* + bu)“u then N is a term in 
bRu, where R is a term in the expansion of (aa* + bu)“. By (i) we know 
that R has the irredundant expression 
R = hu( ~;:::;~;,)ak’, 
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where X E A, s’ 2 0, k; > . . . > ki, 2 0, 1; 2 l(1 < i I s’), k’ 2 0 and 
(2 + k;)l; + ... +(2 + kj,)lJ, + k’ = 2n. 
Since 
a comparison with (5) shows that s’ is equal to either s - 1 or s. We have 
therefore two subcases to consider. (The case s = 0 is trivial.) 
In the first subcase there exists an index i (1 I i I s’ + 1) such that 
where k{ > *.. >k,!-,>ui>k;> .a. >kj,zO.Then 
k; = k,, 1; = 1, (1 I G 5 i - l), 
ICY = ki, 1 = ii, 
k: = k,+,, 1: = “+I (i I i I s’) 
and k’ - ~~ = k, whence 
Since 
we have 
‘1 + ‘-* +liml + Ii,1 + e-e +I, = I- 1, 
by the induction hypothesis, and (8) yields 
N=a 
XU 
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In the second subcase there exists an index i (1 I i I s) such that 
li’-l, 1; + 1, /;+I,. . . , 1; 
kj-,,k;,kj+, ,..., k; 
,zjk’-k, 
* (9 
It follows that k: = k, (1 I 1 I s), 1: = 1, (1 I t I S, 1 # i), 1: + 1 = li 
andk’-ki=k,sothat 
) li-19 [i - ‘7 li+lr-**Y ‘3 
Ir. .., iti-,, ki, k;+l,. . ., k, 
ak+k 
’ 
Since 
1, + *-* +liel + (li - 1) + li,i + *** +I, = l- 1, 
we have 
A = ,n-(l-l)bl-lc ~,...,li-~,li-l,li+~,...,I~ 
1, * * -7 ki-1, ki, ki+l,. . .y k, 
by the induction hypothesis, and (9) yields 
N = a”+‘-’ b 1 
I,,. . . , liml, li - 1, li+l,. . . , 1, 
1,...,ki-l,ki,ki+l,...,k, )u( ::::::: ks)ak 
In either subcase we therefore have 
and 
c=a . (11) 
Now the (total) coefficient y of a monomial (l), thought of as a mono- 
mial in the expansion of (a 8 * + bu)“+‘, is the sum of all the contributions 
c of the terms (5). By (6) (7), (lo), and (11) we have 
y = a”+‘-‘b’{ c,,( :::::::k,) 
s 
+ ’ 
i-l 
I,,. . ., liwl, Ii - 1, li+i,. . ., I, 
k, ,..., kivl k. k. 7 1) ,+I, *. *, 
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If we write 
1 17 
C )I+ 1 k 1’ 
we have 
y=a 
where c,,+ i( 2;:;;: $ ) , ,” is a positive integer. Therefore, assertion (iii) is valid 
for n + 1, and consequently for all integers n. 
(iv) If we replace n by n - 1 in (12) we obtain the recurrence relation (3). 
This completes the proof of the theorem. 
2. OPEN PROBLEMS 
With the notations of the theorem above, it is easily seen that 
and 
C”W = (7) (0 I 1 I n), 
C”(UJ = n(n - 1) (n 2 2) 
c&f) = tn(n - l)(n - 2)(3n - 7) (n 2 3). 
It may also be shown that, e.g., 
44) = in(n - l)(n - 2)(n - 3)‘(n - 4) (n 2 5). 
However, given a positive integer n and an arbitrary partition (2) of 2n, a 
formula such as these for the “Sturm-Liouville number” c, = c,,($;;:::,‘i,) 
does not seem to be known. 
Our recurrence relation (3) is linear, but in infinitely many variables. If s 
is fixed and only partitions with at most s parts are allowed, the function 
PARTITIONS 353 
in the independent variables xk,, . . . , xksl y, may be considered. (We are 
using the notation of Sect. 1 and assummg that (2) holds.) The question 
then arises as to the (linear) ordinary or partial differential equation that f 
should satisfy if the c,,(~;;:::‘~ ) satisfy (3) for fixed s (cf. [l]). The resulting 
equations may yield genera&g functions and asymptotic developments for 
the Sturm-Liouville numbers. Number-theoretic questions such as the 
divisibility and congruence properties of these integers may also be posed. 
As is well known, the Sturm-Liouville operator is intimately connected 
with the Korteweg-de Vries equation, which itself has a discrete analog in 
the Toda lattice (cf. [S]). 0 ne is thus led to ask about discrete counterparts 
of the result of Section 1, i.e., about theorems on the integral powers of 
difference and difference-differential operators. 
To conclude, we remark that the result of Section 1 may be viewed as a 
noncommutative binomial theorem, which because of the integral expo- 
nents may be referred to as being “of Bhaskara-Tartaglia-Pascal type.” 
Given the importance of the Sturm-Liouville operator, noncommutative 
binomial theorems “of Newton-Riemann-Liouville type,” i.e., with real or 
complex exponents (cf. [3, 4, 5]), could also be considered in detail. 
Analogous remarks may be applied to the multinomial expansions of other 
ordinary or partial, linear or nonlinear differential operators with variable 
coefficients of frequent occurrence in mathematical physics. 
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